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Abstract. The aim of this paper is to review and complete the study of 
geodesies on Godel type spacetimes initiated in [8] and improved in [2]. In 
particular, we prove some new results on geodesic connectedness and geodesic 
completeness for these spacetimes. 



1. Introduction 



Classical critical points theorems and standard Morse theory are directly appli- 
cable to functionals bounded from below which satisfy compactness assumptions, 
such as the Palais-Smalc condition (see Section 2), and whose critical points have 
finite Morse index. Unluckily, these tools cannot be applied to many interesting 
problems involving functionals that are strongly indefinite. For example, geodesies 
joining two points z p , z q on an indefinite semi-Riemannian manifold (A4,(-,-)l) 
are the critical points of the strongly indefinite C 1 action functional 



more details, see Section 2). Anyway, starting from the seminal paper [4], in some 
particular settings, and according to the properties of the manifold M. and its in- 
definite metric the functional / in (1.1) has been widely studied by using 
variational methods, also obtaining sometimes optimal results at least in the Lo- 
rcntzian case (we refer to the updated survey paper [10] and references therein). A 
typical situation occurs when the Lorentzian metric tensor (■, -)l presents symme- 
tries (i.e., Killing vector fields): one gets rid of the negative contributions in the 
directions of the Killing fields and, by means of some variational principles, it is 
possible to handle with simpler functionals, which essentially depend only on a Rie- 
mannian metric, so that they are bounded from below and satisfy the Palais-Smalc 
condition under reasonable assumptions. This is the case of standard stationary 
and Godel type spacetimes. 
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Definition 1.1. A Lorentzian manifold (Ai, (•, is a standard stationary space- 
time if there exist a smooth finite-dimensional Riemannian manifold (.Mo, (•, ')r)i 
a vector field 6 and a positive smooth function (3 on ./Vfo such that Ai = Aio x ]R 
and the Lorentz metric (under natural identifications) is 

(-,•>£ = (•,•>« + 2<«(ar), ->fl dt-/3(z) (1.2) 

When the cross term vanishes (S = 0) the spacetime is called standard static. This 
is a warped product Aio X ^ K with Riemannian base and negative definite fiber. 

Recall that every stationary spacetime (i.e., a spacetime admitting a timclikc 
Killing vector field K) is locally a standard stationary one with K = d t . 

On the other hand, Godel type spacetimes are Lorentzian manifolds admitting a 
pair of commuting Killing vector fields which span a two dimensional distribution 
where the metric has index 1 (the causal characters of the Killing vectors could 
change on the manifold, see [f f , Example 5.1]). More precisely, we use the following 
definition (according to [8]): 

Definition 1.2. A Lorentzian manifold (Ai, (-, is a Godel type spacetime, 
briefly (GTS), if a smooth finite dimensional Riemannian manifold (Aio, (•, -)r) 
exists such that Ai = Aio x IR 2 and the metric (■, -)l is described as 

<V>l = {■,-) R + A(x)dy 2 +2B(x)dydt-C(x)dt 2 , (1.3) 

where x S Aio, the variables (y,t) are the natural coordinates of R 2 and A, B, C 
are C 1 scalar fields on Aio satisfying 

H(x) = B 2 (x) + A(x)C(x) > for all x £ M Q . (1.4) 

Let us observe that condition (1.4) implies that metric (1.3) is Lorentzian. It is 
also interesting to point out that (GTS) are not necessarily time-orientable (e.g., 
cf. [11, Remark 1.2]). 

In [18] Godel gives an exact solution of Einstein's field equations with homo- 
geneous perfect fluid distribution, the so-called classical Godel Universe. This 
spacetime, described in Example 1.3(ei) below (see also [14, 17] where its geodesic 
equations are explicitly integrated), has a five dimensional group of isometries, 
is geodesically complete and admits closed causal curves (e.g., cf. [15]). In [23] 
Raychaudhuri and Thakurta start the study of homogeneity properties of (GTS) 
investigating homogeneity conditions of a class of cylindrically symmetric metrics; 
later on, in [24] Rebougas and Tiomno introduce a definition for Godel metrics in 
four dimensions and study their homogeneity conditions (see also [6, 13]). 

Example 1.3. The class of (GTS) depicted in Definition 1.2 is wide; indeed this 
definition covers very different kinds of spacetimes, including some physically rele- 
vant examples. 

(ei) The Godel Universe (cf. [18]) is a (GTS) with 

Mo=« 2 , (; -)r = dx\ + dx\ 
and with coefficients in (1.3) given by 

A(x) = -e 2 ^* 1 j2, B(x) = -e^* 1 , C(x) = 1 

(ui > represents the magnitude of the vorticity of the flow). In [ ■■■], by 
a direct integration of the geodesic equations, it is constructed a geodesic 
joining each couple of points in Ai. 
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(e 2 ) The Godel-Synge spacetimes (cf. [26]) arc (GTS) with M = R 2 and 

(-, ■)l = dx\ + dx\ — g(x\)dy — 2h(x\)dydt — dt , 

where g, h are smooth functions of X\ with g > 0. If 2g — h 2 and h = c Xl , 
this metric reduces to the Godel classical one. 
(e%) Some Kerr-Schild spacetimes (e.g., cf. [1G]) are (GTS) with again Mo = 
R 2 and 

(•, -) L = dx\ + dx\ + dy 2 - dt 2 + V(x 1: x 2 )(dy + dt) 2 , 

where V is an arbitrary function on R 2 . In this case, the coefficients in 
(1.3) are 

A(x) = 1 + V(x), B(x) = V(x), C(x) = 1 - V(x), 

and thus, H(x) = 1. 
(ei) Some standard stationary spacetimes are (GTS) with M = Mo X R 2 , 
being (A^o x R, ("j ')r + dy 2 ) the Riemannian part and 

(•, -)l = (•, -)r + dy 2 + 26(x)dydt - P(x)dt 2 

the stationary metric with S(x,y) = S(x) £ R and j3(x,y) = /3(x) > 
in 7W x R. Clearly, they are (GTS) with A(x) = 1, B(x) = 6(x) and 
C(x) = P(x). 

Vice versa, some (GTS) are standard stationary spacetimes with the prod- 
uct A(x)C(x) > on A^O; being standard static if, in addition, B = 
0. For example, if A(x) > on .Mo, the spatial part of the stationary 
spacetime corresponds to A4q x R equipped with the Riemannian metric 
(-, -)r + A(x)dy 2 (which is complete if so is (•, -)r), the vector field becomes 
S(x,y) = (0,B(x)) 6 TMo x R and the scalar field is P(x,y) = C(x) > 
for each (x, y) £ Mo x R. 
(e$) Some examples of general plane fronted waves are also (GTS). More 
precisely, a general plane fronted wave is a Lorentzian manifold Mo x R 2 
equipped with the metric 

(v>£ = (;-)R + 2dydt + H Q (x,t)dt 2 , 

where (Mo, {■, ■) r) is a Riemannian manifold, (y,t) are the natural coor- 
dinates of R 2 and the smooth scalar field Ho on Mo x R satisfies Ho ^ 0. 
Clearly, when Ho(x,t) is autonomous (i.e., it does not depend on t), this 
spacetime is a (GTS). 

Results on geodesic completeness and connectedness for these spacetimes 
can be found in [7]. 

The importance of the spacetimes above justifies the study of global properties 
such as geodesic connectedness and geodesic completeness. However, one cannot ex- 
pect to prove general results: indeed the global properties depend on the behaviour 
of the coefficients (see respectively Theorems 3.1 and 4.1 and related comments). 
Also the study of global hyperbolicity of (GTS) is interesting but, except in the 
case of classical Godel Universe, this is still an open problem even if we are lead 
to think that at least the chronology condition should be verified. This idea comes 
out as in most of the previous references, when global properties can be studied by 
variational methods, then the stated assumptions imply also global hyperbolicity 
(cf. [10] and references therein). In fact, for example in the particular case of 
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standard stationary spacetimes, we know sufficient conditions, involving the coef- 
ficients of the metric, which ensure global hyperbolicity (cf. [25, Corollary 3.4]), 
while recently a characterization has been proven (see [12, Theorem 4.3]). 

The paper is organized as follows. In Section 2 we recall some variational prin- 
ciples for geodesies on static spacetimes and (GTS). In Section 3 we present a 
new result on geodesic connectedness, and compare it with the previous ones in [2], 
showing its accuracy by examples. In Section 4 we deal with geodesic completeness, 
and state a sufficient condition in order to obtain it. Finally, in the Appendix we 
fix some widely known notations about the variational set up. 



2. The variational principle 

According to notations and statements contained in the Appendix, there is 
a correspondence between geodesies joining two given points z pi z q on a semi- 
Riemannian manifold (M., (•, -)l) and critical points of the action functional / in 
(1.1) on the Hilbert manifold i7 1 (z p ,z 9 ). As already remarked, if is not 

Riemannian then / is strongly indefinite, but, in some Lorentzian manifolds, this 
difficulty can be overcome by introducing a new suitable functional. 

The kernel of our approach is a variational principle stated in [5, Theorem 2.1] 
for static Lorentzian manifolds Ai = A4q x R, with (•, -)l as in (1.2) and 6 = 0. 
It is based on the fact that (dt,z)i is constant along each geodesic z, because 
of the Killing character of dt- Namely, z p = (x p ,t p ), z q = (x qi t q ) £ M. are 
connected by a geodesic z = (x,t), which is a critical point of functional / in (1.1) 
on D, (z p ,z q ) = d (x p ,Xq) x W(t p ,t q ), if and only if a; is a critical point of the 
functional 

J(x) = (x,x) R ds - ^ (^J ^y ds ) onQ 1 (x p ,x q ), (2.1) 

with At := tp—tg (for the stationary case we refer to [10, Section 4.2] and references 
therein). 

Next, let us consider the more general setting of (GTS) with M. = Mo x R 2 and 
(•, -)l as in Definition 1.2. For each x £ A4o) let us define 

f 1 Mx) , , f 1 B(x) , . . f 1 C(x) , 

Jo H (x) J H(x) J H(x) 

£(x) =b 2 (x)+a(x)c(x). (2.3) 

As every (GTS) admits two Killing vector fields d y , dt (not necessarily timelike), 
an extension of the previous variational principle can be stated (cf. [8, Proposition 
2.2]). In this setting, fixing z p = (x p ,y p ,t p ), z q = (x q ,y q ,t q ) £ M, with x p , 
x q £ Mo and (y p ,t p ), (y q ,t q ) £ R 2 , we have that z : / — > M is a geodesic joining z p 
to z q in M. if and only if it is a critical point of the action functional (1.1), with (•, ■) l 
as in (1.3), defined on the manifold il 1 (z p , z q ) = ^}(x p , x q ) x W(y p ,y q ) x W(t p ,t q ). 
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Let x G Q}(x p ,x q ) be such that C(x) ^ (cf. (2.3)). For all s G I we define 

A„ b(x) - A t c(x) f s BL,. 

A y a(x) + A t b(x) f s C(x) 



da, 

, , , A„ b(x) - A t c(x) f s A(x) , 
«M* s :=t p v ^ ' ' K ' / ^Hda 

A v a(x) + A t b{x) f s B{x) 

£(x) y ct 

with A y := y q — y p and A t := t q — t p . Standard arguments imply that the functions 
(f> y and <fit, which go from Q 1 (x p ,x q ) to W(y p ,y q ) and W{t p ,t q ), resp., are C 1 . 
Then, the following proposition holds (see [8, Proposition 2.2]). 

Proposition 2.1. Let (.M,(-,-)l) fee a (GTS) and x p , x q G .Mo & e suc/i tftaf 
|£(x)| > for all x G Q (x p ,x q ). Then, the following statements are equivalent: 

(i) z G f2 1 ( z p ,z g ) is a critical 'point of the action functional f in (1.1); 

(ii) setting z = (x,y,t), the curve x G Q}(x p ,x q ) is a critical point of the C 1 
functional 

1 f 1 Ala(x) + 2A v A t b(x) - A?c(x) 
J(x) = - J (x,x) R ds + ^L±2 — — on^(x p ,x q ) (2.4) 

(see (2.2)-(2.3)) ; while y = <fi y (x), i = <fit(x), with <fi y , (fit as above. 
Furthermore, 

J(x) = f(x,(fi y {x),(fit(x)) for all x G Q 1 (x p ,x g ). 

Thus, the geodesic connectedness problem in the standard static and (GTS) 
cases reduces to give conditions on the functionals J in (2.1) and J in (2.4), resp., 
which allows us to apply the classical critical point theorem below (see [22, Theorem 
2.7]). 

Theorem 2.2. Assume that O is a complete Riemannian manifold and F is a 
C 1 functional on Q which satisfies the Palais-Smale condition, i.e. any sequence 
[xk)k C f2 such that 

(F(xk))k is bounded and lim F (x^) = 0, 

k— f+oo 

converges in f2, up to subsequences. Then, if F is bounded from below, it attains 
its infimum. 

Remark 2.3. In order to obtain a multiplicity result on geodesies joining two fixed 
points in standard static spacetimes or (GTS), the Ljusternik-Schnirelman theory 
can be applied to J in (2.1) or J in (2.4) whenever the Riemannian part has a "rich 
topology" (for the static case see [3] and references therein, for (GTS) see [2, 8, 9]). 

In order to avoid technicalities, hereafter we assume that M.§ is complete, so that 
Sl x (x p ,x q ) is also complete for each x p ,x q G Mo- Then, let us recall the following 
result ( cf. [3, Proposition 4.3] and [2, Lemma 5.3]). 

Lemma 2.4. Let x p , x q be two points of a given complete Riemannian manifold 
(M.Q, (•, -)r). Then, the following statements hold: 
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(a) if M. = Mo x 1 is a static Lorentzian manifold and J in (2.1) is coercive 
on Q l (x p ,x q ), then J satisfies the Palais-Smale condition on Q}(x p ,x q ); 

(b) if M = Mo x R 2 is a (GTS), J in (2.4) is coercive on ft (x p ,x q ) , and 
there exists v > such that 

\C(x)\ >v for all x G ri 1 (x p , x g ) 7 

then J satisfies the Palais-Smale condition on f2 1 (a;p,x q ). 

Summing up, geodesic connectedness of the mentioned spacetimes is guaranteed 
by conditions implying the coercivity and lower boundedness of the "Riemannian" 
functional associated to the problem. 

For instance, in the case of J in (2.1), these conditions correspond to restrictions 
on the growth of the (positive) metric coefficient (5 in (1.2): /3 bounded in the pioneer 
paper [5] or, more in general, /3 subquadratic or growing at most quadratically with 
respect to the distance d(-, ■) induced on Mo by its Riemannian metric (•, i.e. 
existence of A > 0, k G R and a point xo G Mo such that 

< P(x) < Xd 2 (x,x ) + k for all x G Mo, (2.5) 

(cf. [3, Theorem 1.1] and references therein). Remarkably, this second growth 
condition on (3 is optimal, as showed in [3, Section 7] by constructing a family 
of geodesically disconnected static spacetimes with superquadratic, but arbitrarily 
close to quadratic, coefficients /?. 

3. Geodesic Connectedness in (GTS) 

At a first glance the problem in (GTS) can be handled in the same manner as in 
the static case. However, we cannot expect optimality by applying this variational 
approach. In fact, the classical Godel Universe cannot be studied by our tools, 
due to the lack of the assumption L(x) ^ on f2 1 (x p , x q ) for each couple of points 
x p , x q G R 2 (cf. Example 1.3(ei)). In this section we state and prove a new theorem 
on geodesic connectedness for (GTS) (in addition to the previous ones in [2, 8]), 
which, even if is not optimal, is accurate in the sense described below (see Corollary 
3.2 and Example 3.3). 

Theorem 3.1. Let (M = Mo X R 2 , (•, -}l) be a Godel type spacetime such that: 
(hi) (Mo, (',')fl) is a complete Riemannian manifold; 
(h 2 ) there exists v > such that C(x) > v > for all x G H 1 (I,Mo); 
(h 3 ) m(x) > h(x) > for all x G i? 1 (/, Mo), with m(x) := max{a(x), —c(x)} 
and 

f 1 ds 

h(x) := / for some X > 0, k G R and xq G Mo- 

Jo Xd z (x(s),x ) + k 

Then, (M,(-,-)l) is geodesically connected. 

Proof. Let us take any z p = (x p ,y p ,t p ), z q = (x q ,y q ,t q ) G M, with x p , x q G 
Mo and (y P ,t p ), (y q ,t q ) G M 2 . From hypothesis (h 2 ) (in particular C(x) ^ 0), 
Proposition 2.1 can be applied, and so the existence of geodesies joining z p to z q 
reduces to find some critical points of J in (2.4) on Q}(x p ,x q ). Following the 
arguments developed in [2, Section 5], we have that J can be written as follows: 

J(a; )-Iiiiii 2 _I^±M„I^M on 
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where 



, a(x) - c(x) ± y/(a(x) + c{x)) 2 + Abjxf 
Ml = (x,x) R ds, A±(x) = 



and A±(cc) are suitable real maps depending also on A y , A t (see (2.2) and [2, 
p. 784]). Since C(x) = — \-(x)\ + (x), necessarily X+(x) > > X-(x) for all 
x G V>}(xp,Xq), and thus 



^)>diiir- 



2" 11 2 A+(:c) ' 
Note also that, by the definition of m{x) in (/13), we get 

A+(x) > «(*)-*(*) + !"(*) +4*) I = m(a) > o. 
Hence, (^3) implies 

J( - T) - ^ l|i|12 ~ - ^ l|i|12 ~ ^2^ {k{x)) ~ l f ° r aU X G nl ( x » x J- 

So, from [3, Theorem 1.1], it follows that J is bounded from below and coercive (cf. 
(2.1) and (2.5)). Furthermore, by (/i 2 ) and Lemma 2.4(6), the functional J satisfies 
the Palais-Smale condition. Hence, Theorem 2.2 can be applied, and a geodesic 
connecting z p with z q is obtained. As z p , z q are arbitrary, the thesis follows. □ 

An immediate consequence of Theorem 3.1 is the following result concerning 
some standard stationary spacetimes (cf. Example 1.3(e4)). 

Corollary 3.2. Let (A4 = A4q x R 2 ,(-,-)l) be a standard stationary spacetime 
with (;-) L = (;-)r + dy 2 + 2S(x)dydt - [3(x)dt 2 , where 6, /3 : M ^^, 0(x) > 
in A4q. Assume also that 

(si) (M.Q, (•, -)r) is a complete Riemannian manifold; 

(s 2 ) there exist Ai, A 2 > 0, fci, fc 2 £ R and a point xq £ Mq such that 

(3{x) < \\d 2 (x, Xo) + ki, S(x) < X%d{x, Xo) + ki for all x 6 Ado- 
Then, (A4 = Mo x R 2 , (•, is geodesically connected. 

Proof. As the standard stationary spacetime (A4 = AAq x R 2 , (•, is a (GTS) 
with A(x) = 1, B(x) = 8(x) and C(x) = f3(x), the thesis follows from Theorem 
3.1. □ 

Notice that Corollary 3.2 is a particular case of [1, Theorem 1.2] for general 
standard stationary manifolds A4 = A4q x R with (•, -)l as in (1.2), which proof 
is based on fine estimates involving the metric coefficients. The following example 
shows the accurate character of this result. 

Example 3.3. Let us consider R 3 endowed with the following family of metrics: 

(•, -) L , £ = dx 2 + dy 2 - f3,(x)dt 2 , e > 0, 

where (x,y,t) S R 3 and (3 e is a (positive) smooth function on R such that 

P e (x) = 1 + |.x| 2+e ifx6R\(-l,l) 
&([-!,!]) C [1,2]. 
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By Corollary 3.2 (with 6 = 0), the spacctimc is gcodesically connected if e = 0. 
However, the spacetime is geodesically disconnected for any (and thus, for arbitrar- 
ily close to zero) strictly positive e (see [3, Section 7]). 

In order to give a more precise idea of the known results on geodesic connected- 
ness in (GTS) by applying variational tools, let us review the corresponding results 
in [2]. In [2, Theorem 4.3], by using the expression (3.1) of J, the geodesic con- 
nectedness of (GTS) is proven under assumptions (hi) and (/12) in Theorem 3.1, in 
addition to the following one: 

H(x) 

(h' 3 ) A(x) — C(x) > for all x £ Mo and the (positive) map is 

AyX j — O yx J 

at most quadratic. 

Indeed, these conditions imply that J is bounded from below and coercive, which 
allows us to apply Theorem 2.2 in view of Lemma 2.4(6). 

As an immediate application of this result to Kerr-Schild spacetime (Example 
1.3(e 3 )), observe that here A(x) - C(x) = 2V(x), H(x) = 1 and C(x) ^ on 
-ff 1 (/, Mo). Thus, the geodesic connectedness is ensured if V is strictly positive 
and (2V(x))~ 1 is at most quadratic. 

On the other hand, in [2, Theorem 4.4] we consider the simpler case, where 
C(x) <-v<0 for all x G ^(^Mo) and A(x) - C(x) < for all x e M . 

Finally, notice that in [2] the growth assumption involves only the metric coeffi- 
cients, and not the integrals in (2.2). This contrasts with [8, 9], where, in order to 
get the coercivity of J , it is required that 



a(x) 



C(x) 



b(x) 



C(x) 



c(x) 



C(x) 



are uniformly bounded on ff 1 (I, Mo). 



Remark 3.4. Regarding to the case A = C left over in [2], if A (hence C) is 
always different from zero, then we are in the stationary case (Example 1.3(e4)) 
with P(x) = \A(x)\. 

In general, if B = and H(x) = A(x)C(x) > with A(x) > and f3(x) = C(x), 
then we have Example 1.3(e4) in the static case. So, J(x) > J(x) on each ^(xp, x q ) 
and the optimal result in [3, Theorem 1.1] can be used. Let us point out that a 
direct use of (h' 3 ) for the particular case A = 1 would give the desired result only 
for P(x) < 1. 

If A = C = then C(x) — b 2 (x) and (GTS) becomes the more general type 
of warped product spacctimcs, with fiber the two dimensional Lorentz-Minkowski 
spacetime L 2 (see also [8, 11] and references therein). In this case we deal again with 
a functional as in (2.1), and we get global geodesic connectedness for the class of 
metrics (-, — 26 (x) dydt, where 6 is a positive function with at most a quadratic 
growth (compare with [8, Appendix B]). 
Moreover, if a = c on H 1 (I 1 Mo), then 

1 A 2 

^)>d|i| 



\a(x)\' 

Hence, if A(x) > in Mo, we obtain geodesic connectedness by assuming that 
H(x)/A(x) grows at most quadratically in Mo (cf. (2.1) and (2.5)). 

Remark 3.5. In [21] Piccione and Tausk generalize the Morse index theorem to 
semi-Riemannian manifolds admitting a smooth distribution spanned by commut- 
ing Killing vectors fields and containing a maximal negative distribution for the 
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given metric. In paticular, they obtain Morse relations for standard stationary 
semi-Riemannian manifolds and, when the nondegeneracity condition |£(x) > 
holds, for (GTS) (cf. [21, Theorems 4.6 and 4.8]). Clearly, Morse relations can be 
obtained also under our assumptions. 



4. Geodesic Completeness 

In this section we establish and prove a result on geodesic completeness for 
(GTS). 

Theorem 4.1. Let (M = Mo x R 2 , (•, be a Godel type spacetime such that: 
(ci) (Mo, (•,-)r) is a complete Riemannian manifold; 

(02) there exist A > 0, k E R and a point xo E Mo such that the (positive) 
map 

ft : x E Mo i-> C(x) - A(x) + y/(A(x) + C(x)) 2 + AB(x) 2 E R 
satisfies 

l/fi(x) < Xd 2 (x,x ) + k for all x£ Mo- (4.1) 
Then, (M, (•, is geodesically complete. 

Proof. Let z : [0,T) — > M, z(s) = (x(s),y(s),t(s)), be an inextendible geodesic. 
Arguing by contradiction, it is enough to prove that if T < +00 then the (•, •)#- 
length of x(s) is bounded, and so, z can be extended to T against the maximality 
assumption (see [20, Lemma 5.8]). 

As d y and dt are Killing vector fields, there exist constants c\, C2 E R such that 

ifv + rH- Cl forall,sE[0,T), (4.2) 

B(x)y ~ C(x)t = C2 



- ( «S _^fi (4-3) 



with 

— I 

B(x) -C(a:) 
symmetric matrix with det«S(x) = —H(x) < 0. 

Furthermore, as z is a geodesic, there exists a constant i? z E R such that 

(z,z) L = (x,x) R + A(x)y 2 + 2B(x)yi-C(x)i 2 = E Z for all s E [0, T). (4.4) 

Thus, by (4.2) and (4.4) we get 

(x,x) R + c 1 y + c 2 i = E Z for all s E [0, T). (4.5) 

On the other hand, by (4.2) and (1.4) we have 

. _ ciC(x) +c 2 B(x) ■ _ c x B(x) - c 2 A(x) 
V ~ H(x) 1 ~ H(x) 

Whence, by (4.5) and using the notation ||x||fj, := (x,x)_r, we get 

||x||| =E.+ ^)-^)- 2 ^), (4.6) 

H(x) 

Note that the symmetric matrix S(x) in (4.3) admits two (non-null) real eigenvalues 



. , , A(x) - C(x) ± y/(A(x)+C(x)y+4B 2 (x) _ . . , n . . . 

A±(x) = — v — — , with A + (x) > > A_(x). 
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Recall that by standard arguments there exists an orthogonal matrix Q[x) such 
that 

3g,)«*>-(\ (x) /„)' 

Let us denote (61,62) = (c? + c 2 )~ 1//2 (ci, C2) and (ci(x), c 2 (x)) = (ci, c 2 )Q(.t). By 
definition we have /x(x) = — 2A_(x), and, by the orthogonality of Q{x), we have 
[6i(x)] 2 < 1 for i G {1,2}. So, we can rewrite (4.6) as: 

A(x) B(x) \ ( a 
B(x) -C{x) M pa 



cic 2 



= E. 



E z 



H(x) 



H(x) 

(Si S 2 )Q(,)( A f ) A_(x) ) ^ ( I 



+ & + H[x) 

A+(x) \ / Cl (x) 
A_(x) J I £ 2 (x) 



ci(x) c 2 (x) 



E z + (ci+c z 2 ) 
E z - {c\ + c 2 ) 



-A+(x)A_(a;) 
Mx)] 2 , [c 2 (x)f ' 



A_(x) A + (x) 



< iS.-fe 2 = Er+2^- 



A_(x) fx(x) 
Thus, by (4.1) there exist suitable constants A, k > such that: 



\\x(s)\\r < \d{x(s),x(Q)) + k < A / ||x(r)|| R dr + fc for all s e [0, T). 

./o 

In conclusion, we obtain 

log ^A^ ||i(r)|| i? dr + kj - log(fc) < As < XT for all s 6 [0,T) 
which implies the boundedncss of the (•, -^-length of x(s) in [0, T), as required. □ 

References 

[1] Bartolo, R., Candela, A.M., Flores, J.L.: Geodesic connectedness of stationary spacetimes 
with optimal growth. J. Geom. Phys. 56, 2025-2038 (2006). 

[2] Bartolo, R., Candela, A.M., Flores, J.L.: A note on geodesic connectedness in Godel type 
spacetimes. Differential Geom. Appl. 29, 779-786 (2011). 

[3] Bartolo, R., Candela, A.M., Flores, J.L., Sanchez, M.: Geodesies in static Lorcntzian mani- 
folds with critical quadratic behavior. Adv. Nonlinear Stud. 3, 471-494 (2003). 

[4] Benci, V., Fortunato, D.: On the existence of infinitely many geodesies on space-time mani- 
folds. Adv. Math. 105, 1-25 (1994). 

[5] Benci, V., Fortunato, D., Giannoni, F.: On the existence of multiple geodesies in static 
space-times. Ann. Inst. H. Poincare Anal. Non Lineaire 8, 79-102 (1991). 

[6] Calvao, M.O., Damiao Soares, I., Tiomno, J.: Geodesies in Godel-type space-times. Gen. 
Relativity Gravitation 22, 683-705 (1990). 

[7] Candela, A.M., Flores, J.L., Sanchez, M.: On general Plane Fronted Waves. Geodesies. Gen. 
Relativity Gravitation 35, 631-649 (2003). 

[8] Candela, A.M., Sanchez, M.: Geodesic connectedness in Godel type space— times. Differential 
Geom. Appl. 12, 105-120 (2000). 



REMARKS ON GLOBAL GEODESIC PROPERTIES OF GODEL TYPE SPACETIMES 11 



[9] Candela, A.M., Sanchez, M.: Existence of geodesies in Godel type space-times. Nonlinear 

Anal. TMA 47, 1581-1592 (2001). 
[10] Candela, A.M., Sanchez, M.: Geodesies in semi-Ricmannian manifolds: geometric properties 

and variational tools. In: Alekseevsky, D.V., Baum, H. (eds) Recent Developments in Pseudo- 

Ricmannian Geometry, pp. 359—418, Special Volume in the ESI-Series on Mathematics and 

Physics, EMS Publishing House (2008). 
[11] Candela, A.M., Salvatore, A., Sanchez, M.: Periodic trajectories in Godel type space-times. 

Nonlinear Anal. TMA 51, 607-631 (2002). 
[12] Caponio, E., Javaloycs M.A., Sanchez, M.: On the interplay between Lorentzian causality 

and Finsler metrics of Randers type. Rev. Mat. Iberoam. 27, 919-952 (2011). 
[13] Carrion, H.L., Reboucas, M.J., Teixeira, A.F.F.: Godel— type space-times in induced matter 

gravity theory. J. Math. Phys. 40, 4011-4027 (1999). 
[14] Chandrasckhar, S., Wright, J. P.: The geodesies in Godel's universe. Proc. Natl. Acad. Sci. 

USA 47, 341-347 (1961). 
[15] Hawking, S.W., Ellis, G.F.R.: The Large Scale Structure of Space-Time. Cambridge Univer- 
sity Press, London (1973). 
[16] Kramer, D., Stephani, H., Hcrlt, E., MacCallum, M.: Exact Solutions of Einstein's Field 

Equations. Cambridge Univ. Press, Cambridge (1980). 
[17] Kundt, W.: Tragheitsbahncn in cincm von Godel angegebenen kosmologischcn Modell. Z. 

Phys. 145, 611-620 (1956). 
[18] Godel, K.: An example of a new type of cosmological solution of Einstein's field equations of 

gravitation. Rev. Mod. Phys. 21, 447-450 (1949). 
[19] Miiller, O.: A note on closed isometric embeddings. J. Math. Anal. Appl. 349, 297-298 

(2009). 

[20] O'Neill, B.: Semi-Ricmannian Geometry with Applications to Relativity. Academic Press, 
New York-London (1983). 

[21] Piccionc, P., Tausk, D.V.: An index theory for paths that arc solutions of a class of strongly 
indefinite variational problems. Calc. Var. Partial Differential Equations 15, 529-551 (2002). 

[22] Rabinowitz, P.H.: Minimax Methods in Critical Point Theory with Applications to Differen- 
tial Equations. CBMS Reg. Conf. Ser. Math. 65, Amer. Math. Soc, Providence (1986). 

[23] Raychaudhuri, A.K., Thakurta, S.N.G.: Homogeneous Space-times of the Godel type. Phys. 
Rev. D 22, 802-806 (1980). 

[24] Rebougas, M.J., Tiomno, J.: Homogeneity of Riemannian space— times of Godel type. Phys. 
Rev. D 28, 1251-1264 (1983). 

[25] Sanchez, M.: Some remarks on causality theory. Conf. Semin. Mat. Univ. Bari 265, 1-12 
(2002). 

[26] Santalo, L.A.: Geodesies in Godel-Synge spaces. Tensor N.S. 37, 173-178 (1982). 
ROSSELLA BARTOLO 

DlPARTIMENTO DI INGEGNERIA MeOCANIOA E GeSTIONALE 
POLITECNICO DI BARI 

Via E. Orabona 4, 70125 Bari 
Italy 

E-mail address: r .bartoloOpoliba. it 

Anna Maria Candela 

dlpartimento di matematica 

Universita degli Studi di Bari "Aldo Moro" 

Via Orabona 4, 70125 Bari 

Italy 

E-mail address: candelaOdm.uniba.it 

Jose Luis Flores 

Departamento de Algebra, Geometria y Topologi'a, Facultad de Ciencias 
Universidad de Malaga 
Campus Teatinos, 29071 Malaga 
Spain 

E-mail address: floresjOagt.cie.uma.es 



